Oscillating Casimir force between impurities in one-dimensional Fermi
  liquids by Fuchs, J. N. et al.
ar
X
iv
:c
on
d-
m
at
/0
61
06
59
v2
  [
co
nd
-m
at.
me
s-h
all
]  
13
 Fe
b 2
00
7
Osillating Casimir fore between impurities in one-dimensional Fermi liquids
J.N. Fuhs,
1
A. Reati,
2
and W. Zwerger
3
1
Laboratoire de Physique des Solides, Université Paris-Sud, CNRS, UMR 8502, F-91405 Orsay, Frane.
2
CRS BEC-INFM, Povo and ECT
⋆
, Villazzano, I-38050 Trento, Italy.
3
Tehnishe Universität Münhen, James Frank Strasse, D-85748 Garhing, Germany.
(Dated: June 30, 2018)
We study the interation of two loalized impurities in a repulsive one-dimensional Fermi liquid
via bosonization. In a previous paper [Phys. Rev. A 72, 023616 (2005)℄, it was shown that at
distanes muh larger than the interpartile spaing the impurities interat through a Casimir-type
fore mediated by the zero sound phonons of the underlying quantum liquid. Here we extend these
results and show that the strength and sign of this Casimir interation depend sensitively on the
impurities separation. These osillations in the Casimir interation have the same period as Friedel
osillations. Their maxima orrespond to tunneling resonanes tuned by the impurities separation.
Interating one-dimensional fermions are nowadays
available in many experimental systems. They an be
eletrons in semiondutor quantum wires, in arbon
nanotubes, in onduting polymers, et. [1℄ or fermioni
atoms in ultra-old gases [2℄. Impurities have a profound
eet on the physial properties of these low-dimensional
systems. In ertain exeptionally lean systems, impu-
rities an be reated and ontrolled. For example, it
was reently proposed that atomi quantum dots  i.e.
individually trapped atoms playing the role of impuri-
ties  ould be reated in an ultra-old atomi gas [3℄.
Another possibility rests in the bukles artiially re-
ated with AFM tips in single-wall arbon nanotubes and
whih behave as tunnel juntions [4℄. As a last example,
we mention atom wires that were reently reated on a
Si(553)-Au surfae and whih featured vaany-like de-
fets that were manipulated with an STM tip [5℄. One
it is reognized that impurities an be manipulated, one
an ask new questions in whih they appear as main
ators. For example, what is the interation between
impurities whih is mediated by the quantum liquid of
fermions? This problem was reently addressed in [6℄. It
was found that when the impurities are far apart they be-
have like aousti mirrors and interat via a Casimir-like
fore. This is the expeted behavior for any system whose
low energy properties are desribed in terms of phonons.
However, for the speial ase of non-interating fermions,
the alulation an be done exatly and it was shown that
this interation features osillations as a funtion of the
impurities separation [6℄. In the present paper  part
II  whih an be onsidered as a ontinuation of [6℄ 
to whih we shall refer as part I  we extend some of
these results to interating fermions. Most signiantly,
we show that the osillation phenomenon in the intera-
tion remains essentially unaeted in the ase of interat-
ing (repulsive) fermions. In the light of proofs showing
the absene of repulsive Casimir interations for the pho-
toni eld [7℄, this is a quite remarkable situation. Here
we have a Casimir fore whose strength and sign an be
tuned by the impurities separation.
In order to investigate that problem, we onsider the
following model: two loalized delta impurities embed-
ded in a repulsive one-dimensional Fermi gas, whose low-
energy behavior is that of a single hannel Luttinger liq-
uid with parameter K ≤ 1. The interation between
the impurities  whih is mediated by the quantum u-
tuations in the liquid  is onsidered in the adiabati
limit in whih hanging the distane between the impu-
rities is slow ompared to the time the system takes to
equilibrate. Within suh a limit, the interation energy
diretly follows from the groundstate energy. We should
stress that we fous on interations mediated by quantum
zero-point utuations and not on lassial eets due to
modiation of the average partile density. The latter
dominate at short distanes of the order of the inter-
partile distane and lead to a kind of mattress eet.
For a disussion of the lassial ground state energy, see
part I.
We rst onsider non-interating fermions and disuss
the osillations in the interation energy in that ase.
Two delta impurities loated at x1 = 0 and x2 = r
are embedded in a one dimensional (1D) Fermi gas with
Fermi veloity vF = piρ0/m where ρ0 = kF /pi is the av-
erage density. The impurities interat with the partiles
through a potential gαδ(x − xα) where α = {1, 2} and
gα are mirosopi sattering amplitudes. When the dis-
tane between the impurities r is muh larger than the
average inter-partile distane 1/ρ0, it was shown in part
I that the renormalized interation energy between the
two impurities is given by
V12 =
vF
2pir
ℜLi2
[− γ1γ2√
1 + γ21 + γ
2
2 + (γ1γ2)
2
eiχ
]
. (1)
In the preeding equation, Li2 is the di-logarithmi fun-
tion, ℜ denotes the real part, γα = gα/vF is the dimen-
sionless impurity strength and we introdued the phase
χ(r, γα) suh that χ ≡ 2kF r + δ modulo 2pi and −pi <
χ ≤ pi. The phase shift δ(γα) = − arctanγ1−arctanγ2 =
− arctan[(γ1 + γ2)/(1 − γ1γ2)] reets the time delay of
fermions sattering on delta impurities. As the funtion
V12/(vF /r) is 2pi-periodi in χ, the interation energy V12
osillates as a funtion of r. Maxima are separated by
∆(2kF r) = 2pi, whih orresponds to the average inter-
partile distane ∆r = 1/ρ0, just as Friedel osillations.
Maxima our when cos(χ/2) = cos(kF r + δ/2) = 0.
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Figure 1: Interation energy V12 between two idential strong
impurities separated by a distane r. Dashed line: non-
interating fermions V12 = vFℜLi2(−e
iχ)/2pir. Full line: in-
terating fermions (with Luttinger parameter K = 0.6) V12 =
−pivF/24Kr+vFχ
2/8pirK2. In both ases, χ = 2kF r+δ. For
non-interating fermions and strong impurities (γ ≫ 1) the
phase shift δ = −2 arctan γ ≈ −pi. For interating fermions
(K < 1) and strong impurities (eγ ≫ 1), we expet the phase
shift to be δ = −2 arctan(K2eγ) ≈ −pi, see the main text. The
full line orresponds to this guess δ ≈ −pi.
This is preisely the ondition for tunneling resonanes
in a non-interating 1D Fermi gas, as shown in Appendix
A. In Appendix B, we disuss an interesting situation in
whih the osillations an disappear.
In the limit of strong impurities (γα ≫ 1), the phase
shift δ ≈ −pi and Eq. (1) beomes
V12 ≈ vF
2pir
ℜLi2(−eiχ) = −pivF
24r
+
vFχ
2
8pir
, (2)
where χ ≈ 2kF r − pi. The last equation applies to
−pi < χ ≤ pi with a periodi extension beyond that.
The rst term has exatly the form of a 1D Casimir en-
ergy −pivF /24r, with the Fermi veloity vF playing the
role of light veloity, see e.g. [8℄. The seond term in-
trodues osillations. Indeed, the funtion V12/(vF /r)
is 2pi-periodi in χ and features wide maxima made of
piees of parabolas and entered at χ = pi, see Figure 1.
On the one hand, at a minimum, where χ = 0, the inter-
ation energy is given by the Casimir energy −pivF /24r.
This orrespond to a situation of no resonant tunneling
(anti-resonanes). The Casimir energy has the usual in-
terpretation in terms of phononi radiation pressure on
the impurities: the outer radiation pressure of phonons
overomes the inner one and hene the resulting attra-
tion between the impurities. On the other hand, at a
maximum, where χ = pi, the interation energy hanges
sign and beomes positive reahing pivF /12r. A physi-
al understanding of this hange of sign in the Casimir
fore might be obtained by noting that in a situation of
resonant tunneling (χ = pi), fermions approahing the
double barrier struture from outside an tunnel with no
reetion. There is thus no ontribution to the radiation
pressure due to the phonons in the region outside the
impurities. By ontrast, fermions whih ome from in
between the two barriers, have to tunnel through a sin-
gle impurity and do not benet from resonant tunneling.
At low energies, they are almost perfetly reeted and
therefore ontribute a positive radiation pressure on the
impurities. At resonane therefore, the inner radiation
pressure is larger than the outer one, and thus the ee-
tive interation between the impurities is repulsive. In
a sense, this is like having impurities with transmission
properties that are not right-left symmetri and makes a
onnetion to Imry's idea of tuning the sign of the QED
Casimir eet using asymmetri mirrors [9℄.
We now ome to the main point of part II. We
show that the basi osillation phenomenon ontained in
Eq (2), and found in part I for non-interating fermions,
remains essentially intat when inluding interations be-
tween the fermions. In order to study 1D interating
fermions, we use the Luttinger liquid formalism [10℄ and
onentrate on repulsive interations. For simpliity, we
onsider spinless fermions, for whih the low-energy de-
sription is given by the following hydrodynami ation
S0 =
1
2piK
∫
dx
∫ β
0
dτ
[
u(∂xθ)
2 +
1
u
(∂τθ)
2
]
, (3)
where β = 1/T is the inverse temperature and θ is related
to the density of the liquid by
ρ(x) = (ρ0 + ∂xθ/pi) [1 + 2 cos(2θ + 2kFx) + . . . ] , (4)
where ρ0 is the equilibrium density and only the rst
harmonis are written [10℄. The Luttinger liquid desrip-
tion depends on three parameters: the sound veloity
u, the Luttinger interation parameter K and a uto
energy ωc ∼ ukF above whih this eetive desription
breaks down. Repulsive short-range interations imply
0 < K < 1. With long-range (Coulomb) interations, the
system beomes a 1D Wigner rystal, whih an be seen
as the K → 0 limit of the Luttinger liquid [11, 12℄, but
an not be treated within the present formalism. Non-
interating fermions orrespond to K = 1 and u = vF . If
there is full translational invariane uK = vF [10℄.
We onsider, as before, two loalized impurities sitting
at position x1 = 0 and x2 = r. The interation between
the impurities and the Luttinger liquid is
Si =
∫ β
0
dτ
∑
α=1,2
g˜αρ(xα) , (5)
where g˜α is a phenomenologial sattering amplitude.
As the Luttinger liquid is an eetive desription valid
at low energy, the phenomenologial sattering ampli-
tude g˜α is not equal to the mirosopi sattering am-
plitude gα. The preise relation between the two sat-
tering amplitudes is not generally known. In the renor-
malization group language, the phenomenologial sat-
tering amplitude g˜ is roughly a running sattering am-
plitude at the energy sale ωc. For simpliity, we on-
sider the symmetri ase g˜1 = g˜2 = g˜. Inserting the
density expansion (4) into the interation (5) gives rise
3to several dierent terms. The rst term 2βg˜ρ0 is just
twie the lassial energy ost of adding an impurity to
the liquid: it does not ontribute to the renormalized
interation energy V12. The seond term due to for-
ward sattering is proportional to ∂xθ. This term is
often eliminated via a gauge transformation: θ(x) →
θ(x) − Kg˜(H(x − r) + H(x) − 1/2)/u, where H(x) is
the Heaviside step funtion. However, this operation
is not totally innoent here and forward sattering an
not be eliminated: the gauge transformation gives rise
to a phase shift δ = −2Kg˜/u in the 2kF baksattering
term. In the limit of weak impurities, this phase shift
agrees with the one found for non-interating fermions
δ = −2 arctan(g/vF ) ≈ −2g/vF . Atually, we expet
that the phase shift in the interating ase is given by
δ = −2 arctan(Kg˜/u) for arbitrary impurity strengths,
however to our knowledge there are no exat results on
this problem. In fat, the preise value of δ depends on
the detailed potential and the behavior of the fermion
liquid at high energies where a LL desription no longer
applies. This issue is often disussed in the ontext of
the x-ray edge singularity or in the Kondo problem and
is related to the order in whih two non-ommuting lim-
its are taken: sending the size of the impurity to zero
versus sending the bandwidth to innity. When using
the Luttinger liquid formalism, one automatially takes
the seond limit rst, see Ref. [13℄. The third term due
to 2kF bakward sattering gives the dominant ontribu-
tion to the ation Si and, when inluding the phase shift
δ, appears as
Si ≈ V
∫ β
0
dτ(cos[2θ(0)] + cos[2θ(r) + χ]) , (6)
where V = 2g˜ρ0 and χ is a phase suh that χ ≡ 2kF r+ δ
modulo 2pi and −pi < χ ≤ pi. There are also higher or-
der terms oming from the density harmonis, however
their naive saling dimension shows that they are less
relevant and we therefore neglet them. Atually pertur-
bative renormalization group alulations show that 2kF
baksattering is always relevant as long as K < 1 while
all higher baksattering operators cos(2nθ(x)+2nkFx),
with n = 2, 3, . . . , are irrelevant as long as K > 1/n2
[14, 15℄. As we neglet those higher baksattering oper-
ators, our model only desribes the situation of two impu-
rities in an interating Fermi gas suh that 1/4 < K < 1.
As a side remark, we note that there are other ways
of oupling impurities to a bosoni bath of osillators,
suh as a Luttinger liquid. For example, in the ontext
of QED Casimir fore studies [16℄, the impurities (mir-
rors) are usually taken to ouple diretly to the density
of the photoni eld, i.e. θ2 rather than cos 2θ would
appear in equation (6). This is the ase in partiular for
the theorem of Kenneth and Klih on the absene of a
repulsive Casimir fore [7℄. Another example was onsid-
ered in Ref. [3℄, where only forward sattering was kept,
resulting in a mapping to the spin-boson model. These
dierent models, whih all desribe two impurities in a
bath of quantum osillators, do not neessarily show the
same behavior.
From now on, we shall work with the ation S = S0+Si
with Si given by Eq. (6). The partition funtion is Z =∫ Dθ(x, τ) exp(−S) and the integral on the eld θ(x, τ)
an be performed everywhere exept at the position of
the impurities x = xα. In this way we are left with an
ation A = A0 +Ai for the elds θα(τ) ≡ θ(xα, τ) only
A0 =
∑
n∈Z
fn
piK
(|θ1,n|2 + |θ2,n|2 − en(θ1,−nθ2,n + ..))
Ai = V
∫ β
0
dτ(cos[2θ1] + cos[2θ2 + χ]) , (7)
where ωn are bosoni Matsubara frequenies, the Fourier
transform is dened as θn = T
∫
dτ exp(iωnτ)θ(τ), the
harateristi nite-size frequeny is ωr = u/r and we
dened en = exp(−|ωn|/ωr) and fn = β|ωn|/(1 − e2n).
Up to an overall normalization fator, the partition fun-
tion is now given by Z =
∫ Dθα(τ) exp(−A). The
partition funtion gives the free energy F = −T lnZ,
from whih the renormalized interation energy follows:
V12(r) = F (r)−F (∞). From the parametri dependane
of the ation A on the phase χ, we see that the free en-
ergy (and therefore V12) will be 2pi-periodi in χ. As
χ = 2kF r + δ, this means that V12 will have some stru-
ture with periodiity 1/ρ0 in r just as for non-interating
fermions. Therefore, the interation energy V12 osillates
as a funtion of the impurities separation r.
We rst evaluate the partition funtion using the sad-
dle point approximation. For small K and strong impu-
rities γ˜ = g˜/vF ≫ 1, the elds θα are pinned to the val-
ues that minimize Ai. We therefore expand the osines
around a minimum to quadrati order in the elds. It
should be noted that terms independent of the elds give
an important ontribution here [20℄. The resulting free
energy is:
Fs(V ) = Fs(0) +
ωrχ
2
8piK
2piKV
ωr + 2piKV
(8)
+
T
2
∑
n
ln(1 +
2piKV
|ωn| (1 + en))(1 +
2piKV
|ωn| (1 − en))
As the validity of the saddle point approximation requires
that 2piKV ≫ ωr, the renormalized interation beomes:
V12 =
ωrχ
2
8piK
(9)
+
T
2
∑
n
ln
1 + 2piKV|ωn| (1 + en)
1 + 2piKV|ωn|
1 + 2piKV|ωn| (1− en)
1 + 2piKV|ωn|
In the limit of zero temperature ωr ≫ T , it gives
V12 − ωrχ
2
8piK
≈ ωr
2pi
∫ ωc/ωr
0
dx ln(1− e−2x)
≈ −piωr
24
, (10)
where we used ωc ≫ ωr [21℄. This result generalizes
Eq. (2) when interations between partiles are taken into
4aount. It also admits an interpretation as an attrative
Casimir energy −piωr/24  albeit with the true sound
veloity u replaing the Fermi veloity vF  modied by
osillations ontained in the term ωrχ
2/8piK, see Figure
1. The width of the maxima measured relative to their
amplitude is proportional to K. Therefore the maxima
are narrower in the presene of interations between the
partiles. The exat position of the maxima is given by
the values of r suh that χ = pi, i.e. cos(χ/2) = cos(kF r+
δ/2) = 0, and depends on both the impurity strength and
the inter-partile interations through the phase shift δ.
As in the ase of non-interating fermions, this is exatly
the ondition at whih tunneling resonanes our in a
Luttinger liquid, see the Appendix A.
At this stage, it is worth mentioning that there is a
mapping of our problem  as given by ations (3) and
(6)  on the double-boundary sine-Gordon model studied
in the ontext of onformal eld theory [17℄. For speial
values of the Luttinger parameterK = 1/[2(1+n)], where
n is a stritly positive integer (the so-alled reetionless
points), the authors of Ref. [17℄ were able to alulate
exatly the groundstate energy of this model [22℄. In the
limit of strong impurities and for the reetionless points,
it yields the same interation energy V12 = −piωr/24 +
ωrχ
2(1 + n)/4pi as Eq. (10).
In order to study what happens for values of K lose
to one, we turn to the self-onsistent harmoni approx-
imation (SCHA), whih is just an implementation of
Feynman's variational priniple, see, e.g., [1℄. Expand-
ing the osines in Eq. (6) to seond order in the elds,
we replae the oeient 2V in front of the quadrati
term by a variational parameter λ. The true ation
S = S0+Si is now replaed by a quadrati variational a-
tion Sv. The parameter λ is determined self-onsistently
by nding a minimum to the variational free energy
Fv(λ) = −T lnZv + T 〈S − Sv〉. The latter is given by
Fv(λ) = Fs(0) + f − λ∂f
∂λ
− 2V exp(−∂f
∂λ
) (11)
where
f = Fs(V = λ/2)− Fs(0)
≈ −piωr
24
+
ωrχ
2
8piK
+
ωc
pi
ln(1 +
piKλ
ωc
) +Kλ ln(1 +
ωc
piKλ
)
the seond equality being justied when ωc ≫ ωr ≫ T
and piKλ≫ ωr whih is a validity ondition of the SCHA.
Extremizing the variational free energy gives:
λ = 2V exp(−∂f
∂λ
) = 2V
(
piKλ
piKλ+ ωc
)K
(12)
When K < 1, this equation has two solutions: 0 (orre-
sponding to a maximum of Fv) and λ¯ > 0 (orrespond-
ing to a minimum), where λ¯ ≈ 2V when 2piV ≫ ωc and
λ¯ ≈ 2V (2piKV/ωc)K/(1−K) when 2piV ≪ ωc [23℄. As
neither λ¯ nor ∂f(λ¯)/∂λ depends on r, the renormalized
interation energy is given by V12 ≈ f(λ¯, r)− f(λ¯,∞) ≈
−piωr/24+ωrχ2/8piK. The result obtained in the saddle
point approximation Eq. (10) is reovered and is there-
fore valid more generally forK < 1 as long as piKλ¯≫ ωr,
i.e. for strong impurities or large distanes between the
impurities.
The situation of weak impurities or short distanes
(but always in the limit r≫ 1/ρ0) an be studied thanks
to a perturbative alulation of the partition funtion. In
the regime K > 1/2, the interation energy is
V12 = −γ˜2 vF
2pir
cosχ× (ukF )
2KΓ(K − 1/2)
ω2Kc ω
2−2K
r
√
piΓ(K)
, (13)
where Γ(x) is the gamma funtion and χ ≈ 2kF r when
γ˜ ≪ 1, as already shown in part I. This is a RKKY-
type interation, whih deays with a renormalized power
law r1−2K . It is valid as long as |V12| ≪ ωr, i.e. r ≪
ρ−10 γ˜
1/(K−1)
. In a similar way, we obtain
V12 = −γ˜2 cosχ× 2(vFkF )
2β
pi2(1− 2K)(1−K)(βωc)2K , (14)
in the regime 0 ≤ K < 1/2 and
V12 = −γ˜2 cosχ× 4(vFkF )
2
pi2ωc
ln(βωr) , (15)
for the speial ase K = 1/2, again provided that
ωr ≫ T . For 0 ≤ K < 1/2, the interation given by
Eq. (14) still shows Friedel osillations but its envelope
does not depend on the inter-impurity distane r any-
more, whih reets the tendeny of the system toward
Wigner rystallization when K goes to zero. However
the validity of this alulation is restrited to small but
nite temperature as |V12| ≪ ωr orresponds to r ≪
uω2Kc T
1−2K/(vFkF γ˜)
2
. This means that when T → 0,
the domain of validity of perturbation theory shrinks to
zero, when 0 ≤ K ≤ 1/2. We note that, at the reetion-
less point K = 1/4, Eq. (14) has the same struture as
the exat T = 0 result V12 = −γ˜2 cosχ× (vFkF )2/(piωc)
[17℄, where χ ≈ 2kF r when γ˜ ≪ 1. Again, as in the ase
of strong impurities, maxima in the interation energy
V12 our when cos(χ/2) = 0, whih is the ondition for
tunneling resonanes in a Luttinger liquid, see the Ap-
pendix A.
Tunneling resonanes for the ondutane are only
found for 1/4 < K ≤ 1. Indeed on resonane 2kF
baksattering is absent and higher order baksatter-
ing operators ontrol the behavior of the system. One
K < 1/4, 4kF baksattering, whih we negleted, be-
omes relevant and washes out the tunneling resonanes
[14℄. Therefore, in order to study what happens for
very small values of K, one should also take these other
baksattering operators into aount when omputing
V12. Using the methods of part I, the present work ould
also be extended to treat spin 1/2 fermions.
In onlusion, we found that at large impurities sepa-
ration or for strong impurities, the renormalized inter-
ation between the impurities results from a Casimir
5fore modied by osillations  due to quasi-stationary
states in between the impurities. The osillations an
be spanned by hanging the distane between the im-
purities and are separated by the average inter-partile
distane, i.e. they have the same periodiity as Friedel
osillations. The position of the maxima (peaks) is given
by preisely the same ondition as for tunneling reso-
nanes and depends on partile interations  through the
Luttinger parameter K  and on the impurity strength
through a phase shift. At intermediate distanes and
for Luttinger parameter K > 1/2, the interation is of
the RKKY type, featuring Friedel osillations with an
envelope whih is deaying as a power law with a renor-
malized exponent. When 1/4 < K < 1/2, Friedel os-
illations are still present at nite T but are not deay-
ing anymore. With ultraold fermioni atoms onned
in a igar-shaped trap, as desribed in detail in part I, it
should be possible to detet this osillating Casimir fore.
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Appendix A: TUNNELING RESONANCES
We rst onsider a single fermion at the Fermi surfae 
with inoming wave vetor kF  sattering on two delta
impurities g1δ(x) and g2δ(x − r). Using the transport
matrix formalism, it is easy to obtain its transmission
probability aross the double barrier struture
P (kF ) =
[
1 + γ21 + γ
2
2 + 2γ
2
1γ
2
2 (A1)
+ 2γ1γ2
√
(1 + γ21)(1 + γ
2
2) cos(2kF r + δ)
]−1
,
where γj = mgj/kF and δ = − arctanγ1−arctanγ2. This
probability has maxima  alled tunneling resonanes 
when cos(kF r+ δ/2) = 0. On resonane, the energy of a
quasi-stationary state in between the impurities mathes
the Fermi energy. In the ase of symmetri impurities
(γ1 = γ2), there is perfet transmission on resonane.
For asymmetri impurities, the transmission probability
is always smaller than one. The ondition for tunneling
resonanes oinides with the position of maxima of V12.
We now turn to interating fermions. Tunneling
resonanes in a Luttinger liquid were rst studied in
Ref. [14, 15℄ and are reviewed by Giamarhi [18℄. In
these works, the forward sattering term on the impu-
rities was not taken into aount. When this term is
negleted, and in the absene of a gate voltage, the ri-
terion for tunneling resonanes in a Luttinger liquid is
cos(kF r) = 0 [14, 15, 18℄. It is trivial to redo these alu-
lations starting from the ation (6) inluding the phase
shift δ = −2Kg˜/u resulting from forward sattering on
the impurities. The only modiation amounts to replae
2kF r by 2kF r + δ and therefore the riterion for tunnel-
ing resonanes beomes cos(kF r + δ/2) = 0. As in the
ase of non-interating fermions, this oinides with the
position of the maxima in V12.
Appendix B: DISAPPEARANCE OF THE
OSCILLATIONS IN V12
Here we disuss an interesting phenomenon in the
interation energy V12, whih was pointed out to us
by V. Meden [19℄. Consider non-interating spinless
fermions on a lattie in a tight-binding model with hop-
ping amplitude t, lattie spaing b, and lling fator f =
ρ0b = 1/2. The Fermi momentum is kF = pif/b = pi/(2b)
and the Fermi veloity is vF = 2tb sin(fpi) = 2tb. This
model is expeted to have the same low energy behav-
ior as the ontinuum model onsidered in the present
paper. There are also two site impurities with dimen-
sionless strength γ1 and γ2 separated by a distane r,
whih an only take disrete values r = integer × b.
Therefore 2kF r = pi/(2b) × integer × b = integer × pi,
whih means that exp iχ = (−1)r/b exp iδ, where δ =
− arctan[(γ1 + γ2)/(1 − γ1γ2)]. If in addition the impu-
rities are ned tuned suh that γ1γ2 = 1, the phase shift
δ = −pi/2 and Eq. (1) beomes:
V12 =
vF
2pir
ℜLi2
[
i(−1)r/b
γ1 + γ2
]
=
vF
8pir
Li2[−(γ1 + γ2)−2] ∼ −vF
r
. (B1)
This shows that the interation appears to be purely at-
trative  as Li2(−1/4) ≤ Li2(−(γ1 + γ2)−2) < 0  and
not osillating, when probing inter-impurity distanes
r on the lattie only. This phenomenon ours when
three onditions are fullled: the system is half-lled
(kF = pi/(2b)), the impurity separation only takes dis-
rete values on a lattie (r = integer×b) and the impurity
strengths satisfy γ1γ2 = 1. For a numerial study of the
half-lled lattie model of spinless fermions with nearest-
neighbor interation, and with two impurities, showing
that this phenomenon survives in the ase of interating
fermions, see Ref. [19℄.
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